We establish a decomposition of non-negative Radon measures on R d which extends that obtained by Strichartz [6] in the setting of α-dimensional measures. As consequences, we deduce some well-known properties concerning the density of non-negative Radon measures. Furthermore, some properties of non-negative Radon measures having their Riesz potential in a Lebesgue space are obtained. Proposition 1.1. If µ is a locally uniformly dθ-dimensional measure, then there exists a function ϕ and a measure ν such that µ = ϕdH dθ + ν, where ν has the property H dθ (A) < ∞ implies ν(A) = 0 for any Borel subset A of R d .
Introduction -main results
Let d be a positive integer. Let 0 < θ ≤ 1. We denote by dx the Lebesgue measure on R d . For any Lebesgue measurable subset E of R d , |E| stands for its Lebesgue measure. For 1 ≤ p < ∞, · p denotes the usual norm on the classical Lebesgue space L p = L p (R d ). The dθ-dimensional Hausdorff measure on R d is denoted by H dθ (see Section 2 for the definition of this measure and some of its basic properties). If µ is a measure on R d and A ⊂ R d , we denote by µ A the restriction of µ to A. A Borel measure µ on R d is locally uniformly dθ-dimensional if there exists a constant C > 0 such that µ B(x, r) ≤ Cr dθ , for every open ball B(x, r) centered at x with radius r ≤ 1. This definition easily implies that µ is absolutely continuous with respect to H dθ , but since H dθ is not σ-finite, the Radon-Nikodym theorem does not apply. Instead Strichartz proved in [6] the following substitute. Definition 1.2. Let ν and µ be two Borel measures on R d . The measure ν is null with respect to µ on R d and we will denote this with ν ≪ µ, if for any Borel subset
In [6] the author established the following result concerning the density of non-negative Radon measures that are null with respect to H dθ .
A generalization of Proposition 1.1 and Proposition 1.3 was obtained in [4] .
In the present note, we establish the following decomposition of non-negative Radon measures. Proposition 1.4. Suppose that µ is a non-negative Radon measure on R d . Let us consider the following subsets of R d :
The remark below shows that in the setting of non-negative Radon measures, Proposition 1.1 derives from Proposition 1.4.
Therefore, by applying Proposition 1.4, µ has the following decomposition: µ = µ N θ + µ P θ . In addition, on P θ , H dθ and µ are σ-finite and µ is absolutely continuous with respect to H dθ . Therefore, according to the Radon-Nikodym theorem there exists a function ϕ ≥ 0 such that for all Borel sets E ⊂ P θ , we have
As immediate consequences of Proposition 1.4, we have Proposition 1.3 and the following result. Corollary 1.6. Suppose that 0 < θ < 1 and µ is a non-negative Radon measure on R d that is absolutely continuous with respect to the Lebesgue measure. Let
Let us stress that Corollary 1.6 was already established in [8] in order to investigate the Lebesgue points for Sobolev functions.
For 0 < γ < 1, we define the Riesz potential operator I γ by
for any suitable Radon measure µ on R d . The next results that give some properties of non-negative Radon measures having their Riesz potential in a classical Lebesgue space also arise from Proposition 1.4.
Proposition 1.8. Suppose that d d−1 < p < ∞ and µ is a non-negative Radon measure. Then we have
where p = p p−1 . Notice that Proposition 1.7 and Proposition 1.8 are related to the solvability in
Indeed, Phuc and Torrès have obtained the following criterion.
Then the following conditions are equivalent:
. The remainder of this paper is organized as follows. In Section 2 we prove Proposition 1.4, Proposition 1.3 and Corollary 1.6. Section 3 is devoted to the proof of Proposition 1.7. In Section 4 we establish the proof of Proposition 1.8.
Proofs of Proposition 1.4, Proposition 1.3 and Corollary 1.6
In the sequel, we shall use the following notation. [3] for a detailed exposition on this measure). Let A be a subset of R d . For any δ > 0,
(ii) There exists a positive constant C(d) such that for any Lebesgue measurable
The following result (see [8] ) will be useful in the proof of Proposition 1.4. (B(x, r) ) < λ}.
For any countable covering {U
Hence,
Notice that for any λ > 0, F λ 1 k k≥1 is an increasing sequence which converges to F λ . So we have
Then, for any λ > 0, we have F = F λ = x ∈ F : lim sup r→0 r −dθ µ (B(x, r) ) < λ . So by (2), we have µ(F ) = 0. c) Suppose that F is a Borel set such that F ⊂ P θ and H dθ (F ) = 0. It follows from (2) that for any λ > 0, µ(F λ ) = 0. Since the increasing sequence F k k≥1 converges to F , we obtain µ(F ) = 0. 
d) Let us set
Since
From (4) (B(x, r) ) , x ∈ R d , for any non-negative Radon measure µ on R d . We have the following result. 
In addition,
where ω d is the volume of the unit ball in R d and m β µ ∈ L p . An application of the dominated convergence theorem ends the proof.
For the proof of Proposition 1.7 we need the following well-known connexions between the fractional maximal operator m β and the Riesz potential operator I 1 β .
It follows that Proposition 1.7 is a consequence of Proposition 3.1.
Proof of Proposition 1.8
In the sequel, for 1 < p < ∞, we shall denote by p the conjugate of p : p = p p−1 . For the proof of Proposition 1.8, we need some basic properties of the Bessel capacity of order (t, p) (t > 0, p > 1) denoted by C t,p . So we refer the reader to [1] , [2] or [7] for a detailed exposition on this capacity. To prove the sufficiency part of Proposition 1.9, Phuc and Torrès remarked that if I 1 d µ ∈ L p then the non-negative Radon measure µ belongs to the dual space of the Sobolev space W 1, p (R d ). Therefore such a measure is absolutely continuous with respect to the Bessel capacity C 1, p (see Section 2 in [2] ). Thus we may state the following result. Another useful result is the following well-known relation between the Hausdorff measure and the Bessel capacity (see [1] for a proof). We may now prove Proposition 1.8. 
